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1 Centre de Physique Théorique, CNRS Luminy-Case 907, F-13288 Marseille Cedex 9,
France
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Abstract. We present explidt formulae for one-step dynamics of retrieval-patiern
errors (main overlap) for the g-state Potts and (g € 4) clock neural networks. So-
lutions of the fixed point equations and critical values of the saturation parameters
ac(g) in the one-step approximation are considered in the Potts case.

The understanding of neural networks exibiting learning and associative memory is
based mainly on the Ising spin models (see, e.g., [1]) with energy function

HA(GA) == Z JIJUIUJ (1)

HLIEA

Here A = {1,2,... N} and o, = {6;};c4 is a configuration of neurons that have fwo
main levels of act1v1ty, €. 0; € Q; = {-1,1}. The bonds {J;}, JEA (7;; = 0) are the
synaptic efficacies which are assumed to be generated by learning in such a way that
they ensure the dynamic stability of configurations {o}} ae[p] Which are close to a
stored patterns {£/'};c = &, p € [M]; [M] = {1,2,..., M}. According to the Hebb
learning rule [2]

M
Iy= o Yoee it @)
n=1

where the patterns {£#} ¢ (5 are taken to be quenched random vectors with indepen-
dent components £ € {*1};i € [N], and Pr{¢/ =1} = 1.

A generalization of the Ising neural network (1) and {(2) (the Little-Hopfield model
[3]) to the case of neurons with more then two discrete states has been considered in
recent papers [4,5). In [4] each neuron {o,} is viewed as a Potis spin with ¢ possible
states. Therefore, instead of binary encoded pattern configurations o, may represent
coloured or g-grade shaded patterns. That paper was devoted to the thermodynamics
of the Potts neural network and to a comparison of its properties with those of the
Little-Hopfield model. In [5], the same approach is used for the clock model. In a
recent paper [8], the authors introduced networks of three-state neurons, where the
additional state embodies the absence of information.
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The aim of this tetter is to consider parallel dynamics for two kinds of multistate
networks: for g-state Potts neural networks and for their clock model counterparts.
We obtain explicit formulae for the corresponding main overlap evolution after one
step of the gero-temperature parallel dyramics. Note that in the Ising case, the state
of each neuron after one step of the zero-temperature parallel dynamics is equal to
the sign of the corresponding induced local field whereas for the multistate case each
neuron makes a more complicated decision comparing induced local fields in all states.

We first present our scheme of calculation of the cne-step evolution for the main
overlap in the Ising case, which is also applicable in the general case of multistate
neurons. Next, we derive the carresponding one-siep formula for evolution of the
main overlap for the ¢-state Potis neural network. Then we use the same method
to derive an explicit one-step formula for evalution of the main averlap for the clock
neural network for ¢ = 3,4. Finally we make some concluding remarks,

We first deal with the Little-Hopfield neural network. Recal that in this case the
patterns {£}.c4, # € [M] are independent identically distributed random variables
(HDRV) with £ € @; = {~1,1}. The Hamiltoniar (1} with {2} takes the form

A
Hp(oy) =~ ZEE )[0’.'30'.«\;} ‘ (3)
€A
where we have introduced the local energy-function
A 1 A
5:(‘ )[‘7;3 ""A\;'I = Z ff”s("ﬁ Z E;Uj) = "ihg }(”'A\i) - (4)
uefa} jeali
Let the configuration at time ¢ be o (t}. The zero-temperature parallel dynamics,
see, e.g., [1]
oi{t+1) = signl o s ()]
1s equivalent to the {ollowing rule:

o) = oyt + 1) : Ve + Vioglt] = max Vg an () igh ()

We introduce this—perhaps unusnal—teformulation of the dynamics in terms of the
local energies, because it allows an easy and transparent generalization to the zero-
temperature dynamics in the Potts and clock models to be discussed below.

Let the initial condition {o,(t = 0)};c, be IDRV from @ correlated with anly one
pattern £, i.e. '

Prio,(t=0) =&} = j{(1+6,m(t=0))  peM]. (6)

This means that for overlaps mh(t = 0) = (1/N) T;cp £ o:{t = 0) by the strong law
of large numbers (SLLN) one obtains

mh(t=0)= im mi(t=0)=6,m(0)  pe(M] @

where m*(0) > 0 is an initial value of main overlap. For these initial conditions, the
local energy-function {4) can be rewritten in the following form:

> g Y gou=0]. ®

1
oyt = O = ot [t =00+
My jEAV



Letter to the Editor L639

We now consider the so-called ‘a’-limit, N — oo at fixed « = M/N, in (8). By the
initial conditions and the central limit theorem (CLT), the second term in brackets in
(8) converges in distribution to /oA (0, 1), where A(a,b) denotes a Gaussian random
variable with expectation a and variance b. Hence, the local energy functions (8) in
the ‘a’-lim are random variables themselves

gilog ot =0)] = ‘a’-lime;foy; 4t = 0))
Leram (t=0)+ vVaN(@,1)]  i=12,.... )

Now we can determine the configuration o(t = 1) for the neural network after the
o’-lim (see (5) and (9))

According to {10) one cbtains

olt=1)= {5: if m“(t=0)+/aN(0,1) >0 )
—£ if m*(t=0)++aN(0,1) <0

i.e. the future state of o, is determined by the sign of the signal- and noise-contributions
to the local energy. Hence, for the main overlap at ¢ = ) we obtain a well known
formula, namely

v P 'R T 1 ﬁAi’. - L
m'(t=1) = ‘a*limg ) &ot=1)
IEA

= E{sign[m”(0) + Va N(0,1)]}

2 [ z?
= \/;/0 dz exp [——5—] . (12)

The same arguments give m*{t = 1} = 0 for 4 # v because m*#)(t = 0) = 0. To
calculate the evolution of m¥(t) for t > 2, one needs more complicated arguments
[6,7].

We deal next with the g-state Potts neural network. We suppose that each neuron
has ¢ > 2 levels of activity described by the Potts spin variables o; € {1,2,...,¢q} =
Qp. The stored patterns {£!' € Qp};ea,p € [M] are taken to be IIDRV with Pr{¢/ =
k € @p} = 1/q. The corresponding energy function (cf (1) and {(2)) assumes the form

Hyop)=- 3 Z:[a(e.,a.)—-][a(e;*, ,)——]— S Moo (13)
#(—:[M] iAj iEA

which for ¢ = 2 reduces essentially to the Hamiltonian (1),(2). Here 8(-;-) is the
Kronecker delta. Zero-temperature parallel dynamics is defined now by

0i(t) = a; (¢ + 1) : eV oy(t + 1) 04 (0] = Jnax & eV op (1)) VieA. (14)
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We can now apply the above line of reasoning to derive the evolution of the main
overlap for parallel dynamics in the case of a Potts neural network. Let the initial
conditions {o(t = 0)};c, be IIDRV such that

Prioy(t = 0) = &) = = ljmu(o)é"" we M) (15)

where m”(0) > 0. For the Potts model, the overlaps (at finite A) are defined as
mit=0= T Y laeiot=0)-1]  sed (o)
JGA

where the prefactor is chosen so as to satisfy mi(t =0) = 1 for o,(t = 0) = &' Vi € A.
By the initial condition (15) and the SSLN one obtains

mi(t=0)= Jim mi(e=0)= —L[BoEot=0) - ] =6m 0. (7

For ¢ = 2, equations (15) and (16) coincide with corresponding definitions for the
Ising case.

Let M,(,”) ={p € [M]\v: &' = p,Vi € A}. Then by definition of the local energy
function (13), one obtains

4

Plosort=0)]= [5(5, ;0y) = —] mit=0+ . Z[é(p, ;) — -]

=1

2 T Y |sgine=on-1]. (18)

s SEINNG

‘1

Here we have again separated the signal from the noise contribution to the local energy,
and we have split latter into ¢ terms, each favouring one of the possible Potts states.
The pth such contribution will henceforth be called the pth component of the noise
for short.

By equation (15}, we have

B(d(efioy(t=0)- 1) =0 v

Var (6( ;';aj(t=0))—%)= pEv

for the statistics of individual contributions to the noise term in (18). According to
the CLT for the pth component of the noise in (18) one obtains

-hmqf_ll DD [6(5;‘,0(15— ]

peAiP? FEINNI

N ?N0;1).  (19)
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where we used the result that, by the SLLN, JMP}/M — 1/q, when M — oo. Hence,
at ¢ = 0 the random local energy function (18) converges in distribution to the random
variable

glos ot =0)] = ‘a-

ceVlosi oayi(t = 0)

< s ,)- Z[m* =0 +Z 5(p; 0:) - NP©;1).
q(q 1)
(20)

By the initial conditions (i5) {A} (r )(0 1)}, are independent Gaussian variables.

The configuratuon {o;(t = 1)}, is defined by relation (14) where the local energy
function is given by (20). There are two different ways to achieve the max in (14), «f
(20). Either (a) o; = £7, then

{0 = (1__)[ v(0)+ \/‘ Zpmge (0; 1)] ,/ (;)N:’,,(O 1)

or (b} 6; = Prax # &i', then

§b>=_l[v _ e v (0 [_l]‘/—“—m 1).
& ™ q(q_l)pqu\:pmx\f,;p(o,1)]+ - 2|y s o M= (031)

In the latter case, p™®* is defined through the following relation:

"fmtx 0;]- = ‘f{ 0;1
N pme=(0; 1) pefggi\c&,N.,,,( )

for esch fized realization of the independent Gaussian noises {N},(0;1)},. Which of
the possible outcomes is chosen depends on the value of the difference

A=l - e = m¥(t = 0) + / [ foeer(011) — M pmax(0;1)]. (21)

Equation (21) is an analogue of the standard signal-noise relation for the case of Potis
neurens, cf (11). By (21} we obtain

n={& 4;>0 ie. 6(ai(t = 1):€Y) = 8(A 2
o,(t=1) { A, <0 te. 8(o;(t=1) &) = 8(4,). (22)

p max

Recall that {A,}, are independent. Hence

Pr{N e (0i1) S 2} = [% /; dz tt:xp(—z;)]qH = [¢(z))?

and consequently by (21) and (22) we obtain

Pr{A; >0} = Pr{ “(t = 0)1/ +N‘:p,.€.,(0 1) >Npmax(0;1)}

m/,md”e""[‘y?] ["”(“ =D "“‘”))]H (23)
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As a result of (22) and (23) we obtain the following formula for the main overlap at
t=1 (cf (16)):

m*(t = 1) = ‘e’lim qE—I% Z[é(cr,-(t =1);¢]) - %]

JEA
= Lefae-vg -1
= a0~ ]

o Lwee(-5)
=1 J_ - d £

plor re-o)] -4

As above, one obtains the result that m#(t = 1) = 0, for u # v, because m*#)(t =
0) = 0. One can also check that for § = 2 equation (24) coincides with (12).

We deal now with the clock neural network. As with the Potts neural network,
each neuron has q levels of activity, i.e. o; € Qp = {1,2,...,¢}, but the energy of
configuration &, has a ‘clock form’ [5]

HA("A)E—}{}‘i Z c“{?(ﬁ‘”i)} ‘303{2{(3;" —"j)}- (25)

i uelM)

Here again M patterns {6*},crry, [M] = {1,2,..., M}, are described by IIDRV
{0} Yica» 1 € [M] with Pr{6! = p € Qp} = 1/g. The local energy function has
the form, cf (25)
N 2n

——(p¥ —
Z cos[ . (6 J)] (_26)

Mo ol = % D cos [%W(Ef N a")]
i(#9)

BE[M)

and the dynamics o, (t) — o, (t + 1) for a finite A is defined by the relation
) : W :
ai(t) = ot + 1) 1 & [o(t + 1);04\,(2)] Juax & [0 oA\ (8)] VieA.  (27)
1 P

We define overlaps

mi(t) = —}gcos[zf(ef —o ) wemm. (28)

Let the initial conditions {&;(z = 0)}};c be IIDRV correlated with only one pattern £*

Pr{o,(t = 0) = 0} = % +8,,G,(m*(0)). (29)
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Here we choose & q(-) in such away that application of the SLLN for (28) with distri-
bution (29) gives

mi(t=0)= lim mj(t = 0) = §,,m*(0) (30)

where m” (0) # 0 is a value of main overlap for ¢ = 0.
cula

to tha rarlanat i — 1 w +h o lina af reacani
ate the main overlap at { = 1, we use the same line of reasoning as before.

But now the complexity of the max-problem (27) increases very fast with g. Therefore,
we restrict ourselves to ¢ = 3 and 4, which have a deep relation to the Potts and Ising
cases, respectively, and which allow one to treat them explicitly.

For ¢ = 3 and 4 one has G _3(z) = 22 and G,-4(z) = z, correspondingly. As
above, we define an appropriate (i-dependent) decomposxtlon of the set [M]

M; ={{MI\v: 6! =8 +plmodg—1), p=0,1,...,¢ — 1} {31)

Using this decomposition, we can write the local energy function (26) in the form

Moo, (t=0)]= cosl-z—w(t?:-’ —cr._')-l [m‘i\.-(t =0}
H i Fiatd i3 l q J L Anyd

+ > Zcos[—(ﬁ'"—a(t—O))]}

BEM; p=0 JEA\I

ik 27
+ vcosr—{f)y — T, + n\]
£ 08| i TP
p=1
1 2w
X% oS _(6 ~o;(t=0))} . (32)
HEM g JEAN 1
By ihe choice of the ¢}, the decomposition (31) satisfies i./‘v‘li;pij'}‘v’ —ajgfot N — o0

Hence, by the SLLN and the CLT we obtain
gilog ot =0)] = ‘a’-]jmsg'\)[cr,-; ot =0)]

4 cos[—(ﬂ —-O’)] [my(o /_Nn(oso)]

\/:cos[ @7 — o, +p)]N(0,2) | (39

pendent (Gaussian random variables.
for the limiting local energy function (33} in the case of
q = 3 can be resolved in the following ways (cf (21)). Either (a) o; = 8, in which

case

e = & — LV/aTB{N(0; 1) + My(0; 1))
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or (b)
0 +1modd): & = ~4el 4 VaRIN(O:]) - N, 3)
if M(0; 3) > N3(0; )
o. =

O +2mod3): &’ = 3£ + Va3 My(0:5) — M0 3]
if M3(0; 3) > N(0; 3)-

Here £ = m*(t = 0} + \/%_ND(O; 3). Which of the two channels, (a) or (b) is actually
chosen depends, again, on the sign of the difference

A; = - &Y = 167 - 3/alBmax{N,(0; 1) (0 1)} (34)

As a consequence one obtains

1 with Pr{e{® — & > 0}
cos|(2x/3)(8Y ~ (¢ = 1))] = (35)
_1 with Def(0) _ (B L
t 2 wibll 1 llb’ It U'J' -
According to (34) the event
{ef” ~ e 2 0} = (€5 > Val3N(0: )85 > ValaN,(0; $)}
ie.
1 o0 1 244/ 3/ o m"(ﬂ) 2
Pr e,(-") -—EE” z20}= —/ dz exp(—2z? [-—/ dy ex —y"’)]
{ } 7= (—=%) 7= p(
= ®y(e;m"(0)). (36)

Using (35) and (36), we obtain for the main overlap at ¢ = 1 (see (28)) the result that
for N — co

mizs(t = 1) = B cos 302 - 0,0 = 1) } = g0 - 4 (37)

by the SLLN.

The same calculations for the overlaps with g # v give m*®)(t = 1) = 0. Note,
that (37) is very similar to the corresponding formula for the Potts model for ¢ = 3,
cf (24).

To resolve the max-problem (27) for the case ¢ = 4 (see (33)), we have the following
possibilities;

(a) o; = 8/(= 67 +2(mod 4)) : £ = (= —¢t)
(38)
(b) o; = 8! + 1{mod 4)(= 6? + 3(mod 4)) : ¢} = N (= -N)
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where g = m¥(t = 0) + \/a/4[AL(0; 1) 2) — N (0; 2)] and N = \/a/ [NI(O;%) -
N3(0; 1)) Then using independence of the random variables {N,(0; $)}5_5, we obtain
the result that the event _

pm0;
{a, (i _ I) — ga'} {E(ﬂ) > E(b) (9) > E(b} (ﬂ) > 5(")}
= {m"(t = 0) + Va/2Np(01) > Va /2N (0;1);m" (2 = 0)
+Va/2Np(0;1) 2 ~vVa/2M;5,(0;1); m” (t = 0} + v/a/2N;,(0; 1) > 0}

where Npo(051) = 2 [Wo(0; 4) = NG(0; 1)] and Ay (0;1) = L [N(0; 3) — M3 (0; )],

Hence
, 1 oo 2? z44/2/am? (D) yz
(t=1)=86"} =~ — —— 2
Prio;(t ) 2 2 .[—,/'ua dz exp( 2 ) [—x—- 2famv(0) dv exp( 2 )
= @,4(a;m"(0)). (39)

Similarly, one obtains that Pr{c;(t = 1) = 8 + 2(mod4)} = ¥,(a;—m*(0)). If
o;(t = 1) = 07 + 1(= 67 + 3)(mod 4), see (38), then cos[(27/q)(8Y ~o;(t = 1))] = 0 for
q = 4. Therefore, by the SLLN for (28), in the limit N — oo and by (38) and (39), we
obtain for the main overlap at ¢ = 1 the final result that

Similar calculations give m#(#)(t = 1) = 0. It is interesting to note that (40) coincides
with equation (12).

1.23

0.50

0.25 4

L

0.00 T " T T 500
0.00 a )

Figure 1, Solutions of the fixed point equation (.e. m{t =1)=m(t =0)=m* in
(24)) for the g-staic Potts model as functions of o for g = 2,3,4,5,6.
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15.00 'J
10.0G n
5.00

a.00 +—m——r——7—"7—T7T—T—"—r—r—r—r—r-Tr T
0.00 500 10.00 15,00

q

Figure 2. The critical value ac as a function of g for the Poits model (one—st,ep
approximation).

We conclude this letter by making a few remarks. The explicit formulae derived
here for the two types of multisizie neural netwerks allow one to estimate the depen-
dence of the netwaik capacity as a function of the number g neuron activity levels,
cf [4]. In particular, it is interesting to compare the two kinds of multistate networks
corresponding 1o the Potts and clock neurons. Note that (37) coincides (up to vari-
ance} with the corresponding formula {24} for the ¢ = 3 Potts neural network. This
could have been anticipated because the ¢ = 3 clock model is equivalent to the ¢ = 3
Potis one. More striking (at first sight) is the full agreement betweeu {40) and the
corresponding formula (12) for the Ising neural network. On the other hand it is clear
that for ¢ = 4 and the special choice of the initial conditions (29}, fluctuations in the
transversal directions 8¢ + 1(+3)(mod 4) are irrelevant, because for them cos(-) = 0.

In figure 1 we present the fixed points of equation (24) for the ¢-state Potts model.
In the one-step approximation the transition from continuous behaviour of m*(«)
at a,(g) to discontinuous behaviour occurs at ¢ = 3. In figure 2 we present the
dependence of the critical parameter o, on ¢ for ¢ > 2.

The non-zero temperature case can be easily taken into account by the introduction
into the dynamics of an additional thermal noise, see e.g. [6]. To go beyond the
one-step calculations seems difficult, however. We are faced with the fundamental
difficulty that one has to take into account a feedback, creating strong correlations
and a complicated perturbation of the noises [7] which are independent and Gaussian
only for the one-step parallel dynamics,
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remarks. The first draft of this letter was written when one of the authors (VAZ)
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University. He thanks both organizations for the warm hospitality and support.
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